We present a first-principles study of the cross-plane thermal conductivity κ ⊥ in a wide variety of semiconductor thin films. We introduce a simple suppression model that matches variance-reduced Monte Carlo simulations with ab-initio phonon dispersions and scattering rates within ≤ 5% even for anisotropic compounds. This, in turn, enables accurate κ ⊥ reconstruction from tabulated cumulative conductivity curves κΣ(Λ ⊥ ). We furthermore reveal, and explain, a distinct quasiballistic regime characterised by a fractional thickness dependence κ ⊥ ∼ L 2−α in alloys (where α is the Lévy exponent) and logarithmic dependence κ ⊥ ∼ ln(L) in single crystals. These observations culminate in the formulation of two compact parametric forms for κ ⊥ (L) that can fit the first-principles curves across the entire ballistic-diffusive range within a few percent for all investigated compounds.
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Phonon-mediated heat conduction in thin films plays an important role in nanoscale devices [1, 2] and received increasing theoretical attention [3] [4] [5] [6] [7] [8] [9] [10] . Interestingly, cross-plane thermal transport has posed a considerably harder challenge than its in-plane counterpart. An exact solution of the Boltzmann transport equation (BTE) in cross-plane geometries has been obtained only very recently [7] and provides the film conductivity at thickness L as an integral over phonon frequency κ(L) = S(ω, L) κ(ω) dω. Here S is a 'suppression function' that contains the thin film physics and κ(ω) denotes the bulk spectral conductivity. Evaluation of the latter often relies on analytical models with isotropic dispersions [8] [9] [10] for mathematical convenience. More realistic phonon spectra can also be utilised through frequency binning, but this procedure becomes problematic in anisotropic compounds. In this work, we adopt a first-principles framework [11, 12] that goes well beyond the predictive power of spectral formulations. We subsequently show that the resulting cross-plane thin film conductivity curves κ(L) can be captured by compact models that effortlessly maintain their accuracy in anisotropic compounds. In the process, we also reveal quasiballistic regimes in both alloys and single crystals with distinct film thickness dependences.
We performed our ab-initio study for a variety of semiconductors selected for their technological relevance. Thin Si films play a key role in silicon-on-insulator devices [8] ; nanostructured SiGe alloys are of interest to thermoelectric systems [13] ; InAs and InGaAs serve as basis for high electron mobility transistors [14] while III-V nitrides such as GaN and AlGaN find application in high-power transistors and UV optoelectronics [9] . SnSe received recent attention for its thermoelectric properties [15] . Given its triaxial phononic anisotropy [16] , it additionally provides a challenging benchmark test for the thin film conduction model we present below. * bjorn.vermeersch@cea.fr
We calculated ab-initio heat capacities C( k), group velocities v( k) and scattering rates τ −1 ( k) using the procedure described in Ref. 17 . The adopted method has been tested on a variety of bulk compounds and provides results in good agreement with experiments [11] . Phonon properties are resolved over a uniform wavevector grid with N har and mean free paths (MFPs) Λ = v τ account for anharmonic (three-phonon) and harmonic (isotope/alloy) scattering mechanisms. Alloys were treated under the virtual crystal approximation [18] [19] [20] . Further technical details on the ab-initio framework are available elsewhere [11, 12] . Table I summarises computed values for bulk properties relevant to this study, including the thermal conductivity
where ⊥ signals cross-plane projection X ⊥ = X | cos θ| with θ the group velocity angle to the film surface normal. Summations span all wavevector points in the Brillouin zone (BZ) and implicitly run over polarisation/branch index. The table also lists the 'dominant cross-plane MFP' which we defined as the following weighted average
This metric conveys a characteristic MFP of the modes that govern most of the heat conduction and thus sets a film thickness threshold below which we should expect notable deviations from bulk thermal transport. The ab-initio phonon properties serve as basis for variance-reduced Monte Carlo (VRMC) simulations [21] of the energy-based RTA-BTE ∂ t g k +v k,x ∂ x g k = −(g k − C k ∆T )/τ k . We consider a slab structure with thickness L and fully absorbing, isothermal walls at temperatures T ref ± ∆T /2 = 300 ± 0.1 K. Dividing the steady state heat flux (easily evaluated from particle ensemble averaging) by the thermal gradient ∆T /L yields the appararXiv:1512.01354v3 [cond-mat.mes-hall] 23 Apr 2016 TABLE I. Ab-initio bulk conductivity, dominant cross-plane MFP (see Eq. 2) and alloy Lévy exponent α at 300 K. L b and L d are best fitting characteristic length scales for parametric film conductivity formulae (13) and (14) . ent cross-plane conductivity κ(L). We consider thicknesses down to 1 nm so as to verify ballistic asymptotics, though we note that the BTE itself will lose validity at such extremely small scales. For each considered thickness, we performed 3 independent simulation runs with one million particles each and used the average result. Tests with 30 runs produced near-identical averages; the stochastic uncertainty on the reported values amounts to ≤ 0.5%. Results for cubic crystals pertain to the (001) principal axis, but we have verified that κ(L) curves even for (111)-oriented films remain within 4% of the reported data. Cubic compounds can thus be considered as virtually isotropic for cross-plane conduction purposes. Figure 1 shows the obtained film conductivities. Two well established limit regimes are easily recognised. In very thin films (in the sense that L Λ dom ) heat conduction is predominantly ballistic, and we indeed observe the familiar linear dependence
. Far more than a transitionary feature, this regime persists over 2-3 orders of magnitude of film thickness and appears even at 1% alloying. Although seemingly minute, such concentrations exceed typical dopant and intrinsic impurity levels by several orders of magnitude, and they do have a notable effect on the phonon scattering rates (Fig. 2) . As we will explain shortly, it is precisely the phonon scattering relation that regulates the quasiballistic portion of the κ(L) curve and instigates the fractional thickness dependence in alloys.
Contrary to spectral formulations, the full ab-initio phonon properties we have used in this work preserve the fine details of preferential heat propagation directions. The question now arises whether we can describe cross-plane conductivity by a modal suppression model
Even in anisotropic compounds, time reversal symmetry of the lattice wave equations assures that phonons at wavevectors ± k have identical frequencies and opposite group velocities. Each of these mode pairs contribute a cross-plane conductivity
The cross-plane transmission coefficient Tr can only depend on the 'projected' Knudsen number K ⊥ = Λ ⊥ /L due to geometric arguments. Compared to the bulk conductivity contribution 2
Random walk simulations show that Tr = 2K ⊥ /(1 + 2K ⊥ ) and hence
We can thus postulate, without actually solving the BTE,
One could accordingly say that inside the film, each mode possesses an effective cross-plane MFP that obeys
Despite its simplicity, the model (5) matches the VRMC results within 5% or better (Fig. 1 ) even in notably anisotropic compounds such as SnSe or Al 0.4 Ga 0.6 N. For purposes of comparison with prior work, we also derive the isotropic spectral suppression of our model. The spectral conductivity in both film and bulk configurations is easily found through integrations over a spherical BZ shell. After eliminating common factors from the ratio κ film (ω)/κ bulk (ω) we find
This function deviates nowhere more than 12% from Hua and Minnich's result S In 0.53 Ga 0.47 As for the semi-analytical exact solution of the BTE inside a finite domain [7] , and also matches the grey-medium formula S = 1/(1 + 4K/3) introduced by Majumdar [3] within 4%. All three spectral solutions exhibit identical ballistic asymptotes S ω (K 1) 3/(4K). In analogy to previous derivations for in-plane transport [10] , our findings allow us to establish a direct relation between the cross-plane film conductivity κ(L) and the so called MFP spectrum κ Σ , provided the latter be resolved for projected MFP i.e.
The practical utility of such a connection lies in the fact that MFP spectra are a well established concept whose interpretation does not require any knowledge on the underlying ab-initio data and can be easily shared among researchers in tabulated form {κ Σ (Λ (m) )/2 and so we have
We have found that M = 250 is sufficient to reproduce the actual film conductivities within ≤1%. We are providing tabulated κ Σ (Λ ⊥ ) functions for all investigated compounds as Supplemental Material [22] .
We now return to the fractional length dependence in alloys. This effect, as well as the overall form of the κ(L) curve in both alloys and single crystals, can be explained with a simple reasoning as follows. Let us consider a single isotropic Debye branch in high temperature regime (C(k) is constant) with a scattering relation τ ∼ ω −n ⇔ Λ(k) = A/k n (n not necessarily integer). Applying our suppression model (5) to the idealised crystal gives
Integration bounds k min > 0 and k max < ∞ physically arise because the finite size and nonzero lattice constant of real-world crystals enforce a maximum and minimum permissable phonon wavelength respectively. The Debye crystal supports an according MFP range that spans from
Replacing | cos θ| by its average value 1/2 for simplicity and changing the integration variable to
How this result behaves clearly depends on the sign of 1 − 3/n. Let us first consider n > 3. In diffusive regime L Λ max , the integral only spans values u 1. The integrand behaves as u −3/n and thus produces a primitive function ∝ u 1−3/n . With both integration bounds ∼ L −1 , we find κ(L) ∼ L 0 as appropriate. The ballistic regime L Λ min deals with u 1, where the integrand behaves as u −3/n−1 . The primitive function scales as u −3/n so we correctly recover κ(L) ∼ L 1 . In quasiballistic regime Λ min L Λ max , the integral only deviates from its extended counterpart
, and a fractional length dependence thus emerges:
Interestingly, this (steady state) result can be expressed in terms of the Lévy exponent α = 1 + 3/n that plays a crucial role in the alloy's (transient) single pulse response [17, 23] . Ideal Reyleigh scattering (n = 4) corresponds to α = 7/4 and produces the κ ∼ L 1/4 trend previously reported in molecular dynamics simulations [24] . It also offers a good approximation for the AlGaN results presented here (α 1.72). SiGe and InGaAs compounds exhibit slightly lower Lévy exponents α 5/3 (see Table  I above and experimental values in Ref. 23 ) and thus induce a κ(L) ∼ L 1/3 tendency. The observation that the κ(L) curve in alloys performs its ballistic-diffusive transition through a power law with exponent 2 − α enables us to propose the following parametric form
where L b and L d are two characteristic film thicknesses that demarcate the transition to ballistic and diffusive regimes respectively. Although the Debye reasoning we adopted is an obvious oversimplification of realistic crystals, the resulting functional form (13) can fit the abinitio model curves (5) with remarkable accuracy for all investigated alloy compounds (Fig. 3) .
We now turn our attention to the case n = 3, which we have found to provide a reasonable description for ab-initio scattering rates in single crystals (non-alloys). The primitive function of the integral in (11) is known analytically to be ln[u/(1+u)], prompting us to postulate
, which manifests itself as a quasilinear segment in the κ(L) curves when plotted on semilogx scale (Fig. 4) . Here too, the simple parametric form provides an accurate fit to the ab-initio results for all considered compounds.
In summary, we have analysed cross-plane thermal conductivity in thin semiconductor films from first principles. We observed, and explained, a quasiballistic conduction regime that displays a fractional-exponent and logarithmic thickness dependence in alloys and single crystals respectively. A simple suppression model, as well as two analytical parametric forms, are capable to match Monte Carlo solutions within a few percent regardless the compound's (an)isotropy. Film conductivities can be furthermore reliably reconstructed from MFP spectra, analogous to previously made observations for in-plane transport. Table I fit ab-initio values per Eq. (5) (symbols) within a few percent. The triangles mark the bulk conductivity. Table I fit ab-initio values per Eq. (5) (symbols) within a few percent. The triangles mark the bulk conductivity.
